Current development of micro-scale technologies increases the interest to viscous flows with low and moderate Reynolds numbers. This work theoretically studies the entrainment flow of a viscous jet emerging from a plane wall into a half space. Methods are developed to find physically meaningful similarity solutions of the Navier-Stokes equations with finite values of mass and momentum fluxes and having no characteristic size. Two models are considered: flow dominated by momentum flux and flow dominated by mass flux. A new one-parameter set of momentum-dominated similarity solutions is found. Two linearly independent mass-dominated similarity solutions are found. Algorithms are proposed to evaluate the parameters of the similarity models from the mass and momentum balances. Distributions of flow parameters and stresses at the wall are calculated for the similarity models. They are compared with the corresponding distributions obtained by computational fluid dynamics for a more realistic model with a finite size of the jet origin and competitive influence of the mass and momentum fluxes. Such comparison validates the mass-dominated similarity model at the jet Reynolds number Re ≤ 10 and the momentum-dominated similarity model at Re ≥ 30. The obtained results are applied to the problem of evaporation at selective laser melting. It is shown that the theoretically estimated flow velocity corresponds to the experimentally observed one. The theory explains formation of the experimentally observed denuded zone and its widening with decreasing the pressure of the ambient gas.
Introduction
The permanent tendency of miniaturization for devices and technologies is the reason for increasing the interest to viscous flows with low and moderate Reynolds numbers. Studies of nanocapillary flow [1, 2] help designing novel membranes. Imaging the external micro-scaled flow at the exit of the nanocapillary can be used for the velocimetry of the internal flow [1] [2] [3] . Localized Marangoni convection is responsible for the transport of surfactant [4] and migration of inclusions in a temperature field [5] . Electrically-driven nanocapillary flows are important for microfluidic technologies and understanding the transport of biomolecules [6, 7] . Studying the flow field around a copepod is of ecological significance [8] . Analysis of laminar viscous flow is always important for diffusion flames [9] . Viscous microflows play significant role at laser processing of materials [10] [11] [12] .
In the most of the above-cited works, jet-like viscous flows are analyzed using the well-known exact similarity solution of the Navier-Stokes equations for a concentrated force applied in the unlimited space first obtained by Landau in 1944 [13] (see also more recent publications [14] [15] ) and later independently by Squire in 1951 [16] . This solution is referred to as Landau jet or Landau-Squire jet. Note that the similarity equations were formulated and reduced to a second-order linear differential equation by Slezkin in 1934 [17] . The contribution of Landau and Squire was finding a particular solution with a clear physical meaning. Yatseyev wrote the general solution of the similarity problem in terms of hypergeometric functions in 1950 [18] and obtained another particular solution.
This particular solution was independently found by Squire in 1952 [19] who explained that it describes an emerging jet in a half-space, the so-called aperture flow. The drawback of this solution is that the tangent velocity component at the boundary plane is not zero. Thus, it can not satisfy the no-slip boundary condition typical for a rigid wall.
In 1985, Paull and Pillow [20] analyzed three one-parameter families of similarity solutions of the Navier-Stokes equations. One of them was the Landau jet and the two others were new. Recent theoretical works [21, 22] generalize the Landau-Squire jet and propose new applications. Sverak [23] concluded that Landau's one-parameter axisymmetric solution [13] [14] [15] describes all possible smooth similarity solutions of the Navier-Stokes equations in unlimited space. Li, Li, and Yan analyzed and classified a two-parameter family of no-swirl solutions with one singularity [24] and a four-parameter family of no-swirl solutions with two isolated singularities [25] . Note, that the general solution of the similarity axisymmetric no-swirl problem given by Yatseyev [18] has exactly four parameters.
In summary, the similarity problem for the Navier-Stokes equations of the viscous flow due to a concentrated force was reduced to a linear ordinary differential equation by Slezkin [17] . The general solution of this equation was formulated by Yatseyev [18] . Landau [14] and Squire [16] independently obtained and analyzed particular solutions for a jet in unlimited space. The Landau-Squire similarity solution has become a powerful tool for analyzing jet flows. Yatseyev [18] and Squire [19] found particular solutions in a half space. The drawback of these solutions is that they do not satisfy the no-slip boundary condition. This makes questionable their applicability to the aperture problem and similar problems of jet emerging into a half-space demanded by current applications.
Further theoretical studies [20] [21] [22] [23] [24] [25] of this similarity problem have not resulted in a universal approach to the half-space problem with the no-slip boundary condition. The half-space problem was advanced by a different method. Schneider [26] theoretically studied the problem of the jet emerging into a half space in 1981. He distinguished the inner flow near the jet axis and the outer flow. Indeed, the inner flow is essentially the jet and the outer flow is the entrainment flow induced by the jet in the ambient fluid. He concluded that (1) the outer flow is the viscous one with the Reynolds number of the order of one even at very high jet Reynolds numbers of the inner flow and (2) the outer flow can be a similarity flow only in the limit of infinite jet Reynolds number when the flow field becomes singular at the jet axis. He numerically calculated the similarity flow field satisfying the no-slip conditions at the wall with the mass sink at the jet axis estimated for the strong jet of Schlichting [27] . He also combined the numerical solution for the outer flow with the Schlichting analytical approximation for the inner jet to obtain the flow field at moderate jet Reynolds numbers, which was experimentally validated later [28] .
In 1985, Schneider [29] revised the half-space problem and calculated the influence of the outer flow on the inner flow. He found that the momentum flux transferred by the inner jet gradually decreases with the distance from the origin and finally vanishes. Thus, at high distances from the origin the flow does not transfer momentum and can not be characterized by an axial force (momentum flux). This is the principal difference from the Landau flow in the unlimited space.
Essentially, the concentrated force applied to the gas at the jet origin is totally balanced by the negative pressure of the gas over the wall [29] . Asymptotic expansions [30, 31] indicate that at vanishing force, the leading velocity term becomes inversely proportional to the square of the distance from the origin R and can not be described by Landau-type similarity flow with the velocity proportional to 1/R. [32, 33] considered the asymptotics of the halfspace problem in more details. It was concluded that at high distances R from the origin, the whole momentum flux of the jet is balanced by the momentum flux through the wall and the only important quantity is the mass flux. Therefore, the velocity decreases as 1/R 2 and the Stokes approximation is applicable. However at high jet Reynolds numbers, there exists a range of R where velocity behaves as 1/R. In this range, the inner and the outer flow regions can be distinguished. The inner and the outer flow fields can be approached by different similarity solutions. Finally, it should be noted that Borchers and Pileckas [34] rigorously proved the 1/R 2 asymptotics for the half-space problem in 1992.
Monographs of Goldshtik, Shtern, and Yavorskii
Briefly, the asymptotics of the half-space problem and the momentum balance were analyzed.
However, a similarity solution was only found in the limit of infinitely high Reynolds number. The present work concerns the half-space problem with the no-slip boundary condition. The objective is to propose a tool for analyzing the jet emerging into a half space at arbitrary Reynolds numbers. Section 2 distinguishes two kinds of similarity solutions: jet dominated by momentum flux and jet dominated by mass flux. For the momentum-dominated flow, a method is developed to select the solutions satisfying the no-slip boundary condition from Yatseyev's general similarity solution of the Navier-Stokes equations. For the mass-dominated flow, the general solution is obtained in the Stokes approximation. Section 3 presents the variety of the found similarity solutions and compares them with the results of computational fluid dynamics (CFD) simulation. Section 4 discusses how the similarity solutions can approximate jet flows emerging into a half-space through a finite-size origin (aperture). The related issues of momentum balance and stress distribution over the boundary are raised. An example of application to a micro-scale flow is considered.
Methods
The jet in a half-space is generally characterized by momentum F and mass M fluxes through its origin which can be, for example, an orifice. The focus of the present study is the outer flow around the jet. Therefore, possible specific thermal and kinetic processes near the jet origin are not considered. The fluid is characterized by the fields of density , velocity u and momentum flow  satisfying the conservation laws for mass and momentum [15] ,
where subscript t designates partial differentiation by time. The constitutive relation for viscous fluid
where p is the pressure, I the identity tensor, and  the viscous stress tensor,
where  is the dynamic viscosity and e the strain rate tensor defined as the symmetric part of u .
Equations (1)-(3) constitute the common system of the continuity and the Navier-Stokes equations.
Similarity solutions
Steady-state incompressible no-swirl flows without a characteristic size are considered. The vector F is supposed to be normal to the wall. Therefore, the flow is axisymmetric. The natural frame for such flow is the polar spherical coordinates with distance from the origin R and polar angle .
Dimensional analysis [35] proposes the following expression for the flow field:
where  = / is the kinematic viscosity and U() a dimensionless function of dimensionless variables.
If the dominant parameter of the jet is momentum flux F, the dimensionless function becomes
and velocity decreases as 1/R according to Eq. (4). This is the case of the Landau-Squire flow. It is a similarity field because at any R = const, the angular distribution is the same and given by Eq. (5) .
If the dominant parameter is mass flux M, the dimensionless function is 
with coefficients Ui, i = 0,1,2, … . Note that U0 = 0 because u = 0 at M = 0. Thus, the leading term of this expansion is
where index 1 is omitted. This is another similarity velocity field possible in the limit of high viscosity, which decays with distance as 1/R 2 .
For the considered flows in spherical coordinates,
Equations (1) become
The strain rate tensor components are [36] R u e
. (12) Note 
The components of the momentum equation, Eq. (11), become [15] , 2 ) sin ( sin 2 sin sin 1 1
Below, partial differential equations (10), (14) , and (15) for the velocity components and the pressure are solved.
Consider inverse-power fields with arbitrary positive exponents m and n,
Substituting Eq. (16) into Eqs. (10), (14) , (15) results in the system of ordinary differential equations 2 2
where prime means differentiation by . The velocity field can also be expressed through stream
Equations (20) can be integrated for the inverse-power fields given by Eq. (16) and related by Eq.
Substituting Eq. (16) into Eq. (12) and taking into account Eqs. (13) and (2) gives the components of momentum flux
( 1) ' 
with the same exponent n as in the expression for pressure in Eqs. (16) .
Flow dominated by momentum flux (S12 model)
This is the most important class of similarity solutions with m = 1 and n = 2 because they satisfy the Navier-Stokes equations at any value of viscosity. It is referred to as S12 model below. Functions  and f introduced by Eqs. (16) are actually the components of vector field U with dimensionless function U given by Eq. (5) . Note that angular distributions  and f along with g (Eq. (16)) and  (Eq.
(26)) depend on dimensionless parameter F/( 2 ) characterizing the intensity of the jet. In this case, the general solution was first obtained by Yatseyev [18] . Equations (27) 
with arbitrary constants a, b, and c. Substitution 
where parameters , , and  of hypergeometric function F are related to constants a, b, and c as
Note that the general solution for  given by Eqs. (32) and (33) contains five arbitrary constants a, b, c, c1, and c2 while the general solution for f (see Eq. (28)) depends on four parameters only: a, b, c, and c2/c1 [18] .
Function  is directly derived from Eq. (19) as
The expression for g was obtained during integration of the system of Eqs. (17) 
Applying Eq. (27), the derivative of f can be excluded from Eqs. (34) and (35) to obtain
The components of the angular part of momentum flow tensor are
The general solution given by Eqs. (28), (32), (33), (36)-(41) is applied below to the half-space problem. The outer flow field in a half space is singular at the axis [26, 29, 32, 33] . Velocity components can tend to infinity at 0   while they are bounded in the interval of polar angle [,/2] at any 0 <  < /2. Important properties of the solution near the axis can be obtained from the conservation laws. Consider mass flux through the hemisphere of radius R,
where integral
The mass flux should be the same at any R. According to Eq. (42), it is possible only if M = 0 = .
Even if integral  given by Eq. (43) is improper at  = 0, it should converge. Suppose that  does not change sign in the vicinity of  = 0. Then it should satisfy the following condition at the axis:
Consider axial component of momentum flux through the hemisphere of radius R,
is evaluated after substituting the expressions for RR and R given by Eqs. (38) and (41) No-slip boundary conditions at  = /2 are
Consider Eq. (36) at  = /2,
It can be consistent with Eqs. ( )  cos  sin  F , ; ; cos  2  2  2   cos  sin  F 2  , 2  ; 2 ; cos  ,  2 2 2
Equations (52) and (53) specify a subset of Yatseyev's general solution [18] given by Eqs. (32)- (33) .
Equations (28) 
These equations are integrated with the no-slip boundary conditions, Eqs. (48)-(49).
CFD simulation
The jet flow is modeled by numerical solution of Eqs.
(1)-(3) in square L x L domain of axisymmetric cylindrical coordinates 0 < r < L, 0 < z < L (see Fig. 2 ). Arbitrary units are used at CFD simulation. They are based on characteristic values of density 0, pressure p0, and length D. The following parabolic mass flow profile is imposed over the circular jet origin, z = 0, r/D < 1/2, with the diameter equal to D:
with mass flux
No-slip condition
is applied at the rest of the wall, z = 0, r/D > 1/2. To minimize the influence of external boundaries, r = L and z = L, inverse power extensions corresponding to similarity solutions (see Section 2.1),
with R 2 = r 2 + z 2 , are used as boundary conditions there. Figure 2 summarizes the boundary conditions. 
where
is the mean flow velocity over the jet origin. Steady-state fields u and p are obtained by numerical solution. Stream function  is defined as
It is calculated by numerical integrating Eqs. (61) with zero initial condition  = 0 at r = 0 and z = 0.
Results

Similarity flow dominated by momentum flux (S12 model)
A one-parameter family of no-slip flows in a half-space is found by the method described in Fig. 3 ). Zero solution c = f =  = g = 0 is found at c2/c1 = 0 (closed circle in Fig. 3 ) and c2/c1 = -1/2 (on the spiral). One separate non-zero solution is found at c  -1.93285 (another closed circle in Fig.   3 ). Figure 3 proposes that if a solution exists at the given value of c, it is unique. indicate that there is no S12 solution at these points. The indicated points correspond to the points in 
The integral of the second Eq. (54) indicates that  =  is an arbitrary constant designated below as 0,
Finally, Eq. (64) excludes g from the first Eq. (54) resulting the following equation for :
The general solution of Eq. (65) satisfying the no-slip boundary condition, Eq. (49), is
where c3 is another arbitrary constant. The first term of the right hand side of Eq. (66) has a singularity at  = 0 while the second one is regular. The mass flux through the hemisphere of radius R is
where integral 
is numerically calculated at z = 0 to evaluate dimensionless parameter F/( 2 ) characterizing jet strength. At Re ≥ 30, the numerical solution is compared with similarity model S12 (see Section 2.2).
At Re ≤ 10, the numerical solution is compared with similarity model S23 (see Section 2.3). The parameters of the similarity solutions are also listed in Table 1 . Figure 6 shows the calculated fields for stream function , pressure p and radial ur and axial uz velocity components. The contours of  in Fig. 6 are streamlines.
The purpose of this parametric study is to analyze how the flow varies with the jet Reynolds number Re and to compare S12 and S23 similarity solutions with CFD simulation. Figure 6a shows that the flow qualitatively changes when Re varies in the range from 2 to 30: it is radially divergent at Re = 2, contains circular streamlines at Re = 10, and forms an axial jet and an entrainment flow around it at Re 30. At Re < 30 both streamlines (see Fig. 6a ) and pressure contours (see Fig. 6b )
approximately correspond to S23 model while at Re ≥ 30 they follow S12 model. At higher Re, the flow is qualitatively the same but the jet becomes narrower with increasing Re (compare the fields at Re = 50, 100, and 200 in Fig. 6 ). S12 model accurately reproduces the shape of streamlines in the range of Re from 30 to 200 (see Fig. 6a ) while a systematic shift of the value of stream function  becomes more pronounced with increasing Re because S12 model neglects the mass flux. A considerable deviation of the contours of pressure (see Fig. 6b ) and especially axial velocity uz (Fig.   6d ) is observed at Re =100 and 200 in the top part of the shown domain at z > 10. Additional CFD computations with various sizes of computation domain L indicated that these deviations are likely due to the influence of the top boundary. Therefore, S12 similarity solution should be more accurate for the half-space problem in these cases. Fig. 6d ). According to the obtained experience, no influence of the external boundaries on the CFD results is generally ensured inside the inner square domain (r = 0 .. L1, z = 0 .. L1) with the size L1 lower than L by a factor of 1.5 .. 2.
The convergence of the numerical scheme was preliminary tested by comparing the fields obtained at different grid sizes N×N. As the result of these tests, the values of N are chosen (see Table   1 ). The comparison with S12 and S23 similarity solutions is useful outside the domains around the jet origin and those of influence of external boundaries. Good correlation is observed between the CFD results and the corresponding similarity solutions in the mass flux-dominated and momentum flux-dominated modes (see Fig. 6 ). This also confirms the validity of the CFD computations.
Similarity flows
The general similarity solution for the jet dominated by momentum flux was first formulated by Yatseyev in 1950 [18] (see Eqs. (32) and (33)). However, the physical meaning of the general solution was not analyzed. Up to date, only two particular solutions are known that can be used for applications: the Landau-Squire jet in unlimited space [13, 16] and the Yatseyev-Squire jet in a halfspace with a slip boundary condition [18, 19] . The present work uses Yatseyev's general solution to develop a method for obtaining particular solutions satisfying the no-slip condition in a half space. At positive c, the pressure near the wall is negative (see the right column in Fig. 4 ) and the tangential velocity near the wall (see the middle column in Fig. 4 ) is directed to the center. This is why both  and  are negative. At negative c, the flow direction and the sign of pressure change (see Fig. 4 ), and  and  become positive.
All the found non-zero S12 solutions have singularity at the axis: the axial velocity (see the middle column in Fig. 4 ) and pressure (see the right column in Fig. 4 ) have no finite values at  = 0.
The axial singularity is commonly interpreted as the strong jet opposed to the weak entrainment flow around it [26, 30, 32, 33] . Moreover, the existing methods to evaluate the flow field theoretically are based on the separate consideration of the slender Schlichting-type jet acting as a linear mass sink for the outer flow [26] . Such approximate solutions converge at increasing the jet strength (Reynolds number). The present work proposes the method to obtain exact solutions of the Navier-Stokes equations in a half-space with no-slip boundary conditions applicable to both strong and weak jets.
The solution is valid both for the inner jet flow and the outer entrainment flow. The approximate solution gave the maximum value of c, c0 = 15.2894 [32, 33] . Within the reported digits, it is the same value as found in the present work from the exact solution. 
Consider the momentum balance in the flow domain limited by two hemispheres with radii R1
and R2 as shown in Fig. 7a . The momentum flux F through the hemisphere is independent of the radius. Therefore, flux F entering into the domain through the inferior hemisphere is balanced by the same flux exiting through the superior hemisphere. The momentum arising at the axis per unit time in the interval from R1 to R2 is equal to the momentum flux exiting through the ring of the wall limited by circles with radii R1 and R2, In the case of jet dominated by mass flux (S23 model), momentum flux through the hemisphere depends on radius R,
where integral /2
is calculated by substituting the general solution given by Eqs. (62)-(64) and (66). Linear momentum source at the axis and momentum flux through the wall are also important for the momentum balance.
The linear force per unit length of the axis is
The momentum arising at the axis per unit time at the distances from the origin greater than R is
The normal stress at the wall is
(77)
The momentum flux from the fluid through the wall domain excluding the disk of radius R is
Note that the momentum flux through the hemisphere given by Eqs. (73) In summary, similarity flows in a half-space with the no-slip boundary condition are studied in detail. The methods proposed in this work can be generalized for conical domains with arbitrary halfangles and for other boundary conditions. Such flows can be the subject of further researches.
Approximation of flow fields by similarity solutions
Jet flow is essentially characterized by mass M and momentum Fo fluxes through the origin (for example, an orifice or an evaporation spot) while the parameters of the considered similarity solutions are constant c for the momentum-dominated regime (S12 model) and constants 0 and c3 for the massdominated regime (S23 model). The questions are what similarity model approximates better the given flow and what is the best choice of the parameters. For S12 model, the balance of momentum
is applied to the domain with the inner radius R1 = D/2 equal to the half diameter of the origin D and the outer radius R2 = L equal to characteristic scale L (see Fig. 7a ). To approximate flow fields obtained by CFD simulation, which are shown in Fig. 6 , ratio L/D = 16 is chosen. Figure 8 The open points on the curve indicate that there is no solution at these points Appendix C lists the solutions of Eq. (80) at selected values of Reynolds number Re and normalized force Fo obtained as the result of CFD simulation (see Table 1 ). The Reynolds number is essentially a normalized mass flux M. Note that momentum flux J from the axis to the wall is greater 
applied to the domain with the inner radius R = D/2 equal to the half diameter of the origin D (see Fig. 7b ). The solution of Eqs. (68) and (82) is However, a better agreement is found for S23 solution without singularity at the axis at c3 = 0 (see the parameters in Table 1 ). Finally, this regular S23 solution is shown in Fig. 6 at Re = 2. At Re = 10, the CFD fields are satisfactorily approximated by the S23 solution with the parameters found from the momentum balance (Appendix C, the same parameters in Table 1) . At Re ≥ 30, CFD fields can not be approximated by S23 model. However, a good agreement is observed with model S12 with the parameters evaluated from the momentum balance. The agreement is generally better at the near-wall region than around the axis. At Re ≥ 100, the CFD flow can deviate from model S12 at the distance from the origin greater than 10 (see, for example, contour lines uz = 0 in Fig. 6d ). This can be due to the influence of the external boundaries of the calculation domain. At Re ≥ 100, the CFD calculations show standing pulsations along the axis not described by S12 model. Contour line p = 0 (see Fig. 6b )
can be chosen as the boundary separating the regions of the near-axis inner jet flow and the outer entrainment flow. The divergence angle of the inner jet flow decreases with Re. Figure 6 shows the best agreement between the CFD and S12 models at Re = 50. The greater difference between the models at Re = 100 and 200 can be explained by errors at CFD calculation.
The first error is mentioned above as the influence of the external boundaries of the calculation domain at r > 10 or z > 10. The second possible error is the scheme viscosity due to approximation errors, which becomes more important with increasing Re. The general trend is that model S12 becomes more precise with increasing Re. This is why one can suppose that model S12 evaluates the flow fields at Re > 200 too. On the contrary, model S23 becomes more precise with decreasing Re.
According to the comparison between S23 and CFD, the regular S23 solution with c3 = 0 can be applied at low Re ≤ 2.
Finally, the following algorithm can be proposed to find the best similarity solution approximating a jet emerging into a half space with the no-slip boundary condition. The input parameters are mass M and momentum Fo fluxes through the jet origin with diameter D along with gas density  and kinematic viscosity . First, the jet Reynolds number is calculated according to Eq. problem [29, 30, 32, 33] devoted much attention to the stresses at the wall because they considerably contribute to the momentum balance. The same is confirmed by the present study. Section 4.2 reveals relations between the stresses and the parameters of S12 and S23 similarity models and calculates the associated momentum fluxes through the wall. Section 4.3 uses these fluxes to find the best parameters of the similarity solutions. Below, applied aspects of mechanical interaction between the fluid and the wall are considered. Studying stress distributions (see Fig. 9 ) is an additional way to compare and validate the models.
For S12 model, the normal and shear stresses at the wall are the same and given by Eq. (70).
For S23 model, the normal stress is given by Eq. (77) and the shear stress is (86)
Note that R = r at the wall. Figure 9 compares the stresses calculated by CFD with S12 and S23 models. At Re ≤ 10, the stresses decrease with the distance from the center as 1/r 3 according to S23 model. Table 2 lists the parameters of S23 profiles shown in Fig. 9 . Two different parameter sets are used at Re = 2. Model S23 agrees with CFD for the normal stress distribution (see Fig. 9a ) and the shear stress at Re = 10 but disagrees with the shear stress at Re = 2 (see Fig. 9b ). At Re ≥ 20, the stresses decrease as 1/r 2 according to S12 model. The normalized profiles shown in Fig. 9 approach to the limiting curve corresponding to the maximum possible value of c = c0 (dotted line) with increasing Re. In particular, this means that the stress distribution over the wall tends to a finite limit as momentum flux of the jet F tends to infinity. Figure 9 proposes that S12 model underestimates the CFD stresses at small r at Re ≥ 30. The probable reason is neglecting the size of the jet origin (orifice or evaporation spot) in S12 model. Figure 6 shows that CFD levels are shifted relative S12 and S23 levels by the value around D/2. A shift s can be introduced into Eq. (70) to improve the approximation of the stress profiles by S12 model,
(87) Figure 10 shows the shear stress in the central zone around the jet origin. This zone is the most important because the stresses attain maxima there. CFD shear stress (solid lines) is well approximated by Eq. (87) (dashed lines) with the values of s listed in Table 3 . The values of c are not changed. They are listed in Appendix C. Besides, Fig. 10 shows that Eq. (87) is applicable at r/D > 0.6 at Re = 50. The shear stress distribution at Re = 50 is very close to the limiting distribution at Re → ∞ (see Fig. 9b ). This is why one can expect that the same domain of applicability and the same value of s/D are valid for higher Reynolds numbers (see the right column in Table 3 ). The upper dashed line in Fig. 10 shows the estimated limiting profile of shear stress. 
Application to laser evaporation
Gas-phase jet flows are often observed at laser processing of materials. Laser beam can locally overheat the treated sample above the boiling point. Thus, a vapor jet is formed. Recent experimental studies of the powder-bed 3D printing technique by selective laser melting (SLM) [11, 12, [38] [39] [40] indicated that the entrainment flow of the vapor jet transfers powder particles to the melt pool and liquid droplets from the melt pool. Thus, the gas-phase flow substantially contributes to the mass transfer in the laser-interaction zone at SLM.
A model problem is solved for laser evaporation of iron target in argon ambient gas at atmospheric pressure pa = 1 atm. and room temperature Ta = 298 K (normal conditions). It approximately corresponds to experiments on selective laser melting (SLM) [12] . Figure 11 shows a sketch of such an experiment. Thin laser beam scans a thick metallic substrate covered with a thin layer of powder with the thickness of 50-100 m. The scanning laser beam forms a moving melt pool, which is partly evaporated. Behind the pool, a solidified bead of remelted powder is formed. The bead is surrounded with a thin zone free of powder, the so-called denuded zone. Tables 4 and 5 The incident laser energy is principally balanced by the losses by reflection, convective and conductive heat transfer in the target, and evaporation. Evaporation starts when the surface temperature attains the boiling point Tb. The pressure, temperature, and velocity of vapor are formed in the near-surface Knudsen layer and are related with the surface temperature and the saturated vapor pressure by the gas-dynamic conditions of strong evaporation [42] . Modeling of laser evaporation [12, 43] indicates that the vapor velocity sharply increases with the laser power and attains the maximum possible value of the sound speed in the vapor. Such conditions of overheating with formation of vapor jet with the Mach number equal to one are typical for laser processing of materials [12, 43] . Therefore, the vapor temperature and flow velocity are estimated, respectively, as the boiling point Tb and the sound speed of Fe at the boiling point,
where  is the adiabatic exponent, k the Boltzmann constant, and m the atomic mass. The diameter of the evaporation spot is accepted to be equal to the beam diameter D. 
where Q is the latent heat of evaporation. Table 6 summarizes the vapor parameters. At the maximum laser power P = 170 W, the evaluated energy loss by evaporation Pv is a small fraction of the absorbed laser energy AP = 51 W, where A is the absorptance taken from Table 5 . Thus, the values of fluxes listed in Table 6 are more likely inferior bounds. The momentum flux is normalized by the values of density and viscosity of argon listed in Table 5 because the entrainment flow of argon gas is studied.
Following the discussion in Section 4.3, at such a high value F/( 2 ), the flow field can be approximated by S12 model and the contribution of flux J into the energy balance, Eq. (80), is negligible. Therefore, the value of parameter c listed in Table 7 is calculated by Eq. (81) . The difference between c and the maximum possible value c0 is very small. Thus, the limit regime of entrainment flow is essentially attained. Further increase of momentum flux F can not substantially change the flow field. In Table 10 , ratio c2/c1 is calculated from c by the method described in Section 2.2. The difference between this ratio and the corresponding value for the limit regime (see Table 1) is very small too. Table 7 . Parameters of S12 model for the laser evaporation F/( 2 ) c c2/c1 4.61 . 10 6 15.289 -226.5168620
From the top view ( Fig. 12a ) one can see that powder particles on the substrate move radially toward the evaporation spot. Figure 12b shows a snapshot of the vapor jet. The camera was directed opposite to the scanning direction of the laser beam (see Fig. 11a ), so that the experimental image corresponds to the scheme of Fig. 11c . The substrate is not visible in Fig. 12b . The top level of the substrate is approximately at the bottom of the 2 + 2 mm vertical scale bar. The vertical vapor jet is visible due to its thermal radiation. Elongated traces of particles visible at the top of the jet in Fig.   12b indicate the vertical direction of velocity. The velocity of these particles is measured as several meters per second [12] . The theoretically calculated velocity field (Fig. 12b) shows the same flow structure of the axial jet and the surrounding entrainment flow as the experimental images. Besides, the calculated tangent velocity near the substrate is around the experimentally measured velocity of particles on the surface [12] .
The model S12 considerably underestimates the diameter of the inner jet flow. This is why it is useless to predict the axial velocity of the inner flow. The first reason of this disagreement is that S12 model neglects the size of the evaporation spot. The second reason can be probable turbulent character of the inner flow. This is consistent with experimentally observed considerable non-steady pulsations of the jet [12] . Figure 13a shows the top view of the laser-treated substrate. In the center, one can see the bead formed by remelted powder (compare with Fig. 11a ) and the denuded zone around it. The dark domains on the left and right are the undisturbed powder layer. The axis of the bead is the line along which the laser beam scans the substrate. Figure 13b shows the profile of shear stress from the outer entrainment flow to the target surface, which is calculated by Eq. (87). The accepted value of shift s = 22 m is estimated from Tables 3 and 4 . The width of the denuded zone can be estimated theoretically by considering the balance of forces acting on a powder particle on the substrate surface (see Fig. 14) . The drag force from the entrainment flow to the particle is approximately the product of shear stress  and the projected area of the particle
where d is the particle diameter. The friction force opposed to the drag force is a fraction of the gravity force,
where  is the friction coefficient, g is the gravitational acceleration and p = 15 g/cm 3 the density of powder material (WC-Co). Force balance for a powder particle on the substrate surface at SLM Table 8 estimates the shear stress 0 at the boundary of the denuded zone from balance FD = Ff . Powder particles can undergo combined translational-rotational motion. This is why the value of friction coefficient  (see Table 8 ) can be intermediate between the coefficients of sliding friction and rolling resistance [44] . Consequently, a wide range of 0 is estimated (see Table 8 ). The distance R at which shear stress  is equal to 0 estimates the half-widths of the denuded zone. It can be found graphically from the stress profile plotted in Fig. 13 or by solving Eq. (87),
resulting R = 150 .. 400 m. The experimentally observed half-width of the denuded zone (see Fig.   13 ) is around 300 .. 400 m. It is within the theoretically estimated range. Thus, the gas-dynamic mechanism for formation of the denuded zone at SLM seems to be reasonable. Experiments on SLM at various pressures indicated that the denuded zone widens with decreasing pressure [39] . Equation (92) explains this result. It is known that dynamic viscosity  of gases is approximately independent of pressure while kinematic viscosity  is proportional to the mean free path, which is inversely proportional to pressure [45] . Thus, according to Eq. (92) increasing the kinematic viscosity with decreasing the pressure determines widening the denuded zone.
Conclusion
Two following similarity models of viscous flow are studied for emerging jet in a half-space with the no-slip boundary condition: S12 model results in exact solutions of the Navier-Stokes equations dominated by momentum flux while S23 model gives flow fields dominated by mass flux in the Stokes approximation. Physically meaningful solutions with the finite values of mass and momentum fluxes are found.
A method is developed to obtain S12 solutions for the half-space problem. The found S12
solutions have a singularity at the axis and can be presented as a set depending on parameter c directly Two linearly independent similarity solutions are found for S23 model. The first solution has singularity at the axis. The second one is regular in the half space.
Algorithms to evaluate the parameters of the similarity models are developed. The algorithms are based on the mass and momentum balances. The input parameters are the mass and momentum fluxes at the jet origin. Functional relations are obtained between parameter c of S12 model and the momentum flux and two parameters of S23 model and the mass and momentum fluxes.
Comparison with CFD simulation for the viscous jet emerging from a circular origin (orifice or evaporation spot) indicates that S23 model is satisfactory at Reynolds numbers Re ≤ 10 and S12 model is satisfactory at Re ≥ 30. At Re ≤ 2, the regular S23-solution can be used. The parameter c of S12 model tends to c0 at increasing Re. In particular, this means that the stress distribution over the wall tends to a finite limit as the momentum flux transferred by the jet tends to infinity.
The obtained solutions for entrainment flow around a jet in a half-space explain formation of the denuded zone at selective laser melting. The theoretically estimated flow velocity corresponds to the experimentally observed velocity of particles transferred by the flow. The width of the denuded zone is estimated from the force balance. The estimated width corresponds to the experimentally observed one. Besides, the theory explains the experimentally observed widening of the denuded zone with decreasing the pressure of the ambient gas.
The methods proposed in this work can be generalized for conical domains with arbitrary halfangles and for other boundary conditions.
Appendix A. Parameters c and c2/c1 at which the no-slip and regular outside the axis S12 solution exists in a half space 
